In this paper, we study the monotonicity of some weighted di¤erences between any two terms in chains of Jensen's inequalities for convex functions. The problem is reduced to the solvability of some weight equations or weight inequalities. Our proofs are based on the classical Jensen's inequality and some elementary identity involved combinatorial numbers.
Introduction
Let f be a given convex function defined on a non-empty interval I H R. For any given n A N, x i A I and t i > 0 ði ¼ 1; 2; . . . ; nÞ, it is well-known that the following Jensen's inequality holds Jensen's inequality is one of the classical inequalities and has a lot of applications. Also, there exist extensive works which were devoted to generalize or improve Jensen's inequality. In this respect, we refer the reader to [1] , [2] , [3] and [6] and the reference cited therein for updated results. For any j A N U f0g, we recall the definition of combinatorial number C j n :
if 0 < j a n; 0 i f j > n:
Now, for any positive integers s; k and r with 1 a k, r a n, put
Mðn; s; f Þ 1 Mðn; s; f ; t 1 ; . . . ; t n ; x 1 ; . . . ; x n Þ Therefore, (1.6) is obtained by inserting n À 2 terms J n 2 ð f Þ; . . . ; J n nÀ1 ð f Þ in (1.1). On the other hand, it is easy to see that F ðn; 1; n; f ; t 1 ; . . . ; t n ; x 1 ; . . . ; x n Þ ¼ X n
can be obtained by taking the di¤erence between the left hand side and the right one of (1.1) (or between the first term and the n-th one in (1.6)). Vasić, Mijalković and Pečarić found an interesting property on the monotonicity of F ðn; 1; n; f ; 1; . . . ; 1; x 1 ; . . . ; x n Þ with respect to n. In [7] and [8] , they showed the following inequality F ðn; 1; n; f ; 1; . . . ; 1;
. . . ; 1; x 1 ; . . . ; x nÀ1 Þ: ð1:8Þ
inequalities generated by chains of jensen inequalities
) gave a generalization of inequality (1.8) . He obtained the monotonicity of F ðn; 1; n; f Þ with respect to n, i.e.
liang-cheng wang and xu zhang The rest of this paper is organized as follows. In Section 2, we will state our main results, Theorems 2.1-2.5. Section 3 is devoted to the proof of Theorems 2.1-2.2. In Section 4, we will prove Theorems 2.3-2.5.
Main results

Monotonicity of weighted di¤erences
Fix two functions u; v : N Â N Â N ! R. For any k; r A f1; 2; . . . ; ng, we set Fðn; k; r; f Þ x uðn; k; rÞMðn; k; f Þ À vðn; k; rÞMðn; r; f Þ; Aðn; k; rÞ x ðuðn; k; rÞ À uðn À 1; k; rÞÞC 
ð2:1Þ
Obviously, Fðn; k; r; f Þ is a weighted di¤erence between Mðn; k; f Þ and Mðn; r; f Þ (with weight functions u and v). We have the following monotonicity result on Fðn; k; r; f Þ with respect to n: Theorem 2.1. Let f be a convex function defined on I , n b 3, 1 a k < r < n. Assume v is non-negative and vðn; k; rÞ b vðn À 1; k; rÞ. Then Note, however, that in Theorem 2.1, we assume r < n, which excludes the important case of r ¼ n. Therefore, Theorem 2.1 does not cover the monotonicity result in inequality (1.9).
In order to include the case of r ¼ n, we will go a little bit further. Fix two functionsû u;v v : N Â N Â N ! R. For any k; r A f1; 2; . . . ; n À 1g, we put Gðn; k; r; f Þ xû uðn; k; rÞMðn; k; f Þ Àv vðn; k; rÞMðn; n À r þ 1; f Þ; Clearly, Gðn; k; r; f Þ is a weighted di¤erence between Mðn; k; f Þ and Mðn; n À r þ 1; f Þ (with weight functionsû u andv v). We have the following monotonicity result on Gðn; k; r; f Þ with respect to n: Theorem 2.2. Let f be a convex function defined on I ,v v be non-negative, n b 3 and 1 < k þ r < n þ 1. Then Gðn; k; r; f Þ b Gðn À 1; k; r; f Þ ð 2:7Þ provided one of the following six class of conditions holds and f is non-positive.
Theorems 2.1-2.2 reduce the monotonicity of weighted di¤erences between Mðn; k; f Þ and Mðn; r; f Þ, or equivalently between J n k ð f Þ and J n r ð f Þ, to the solvability of suitable weight equations or weight inequalities. The solutions of weight equations will be studied in the next subsection.
The proof of Theorems 2.1-2.2 will be given in Section 3.
Remark 2.1. Theorems 2.1-2.2 remain true for more general case when interval I H R is replaced by any non-empty convex subset E in a linear space X over R. 
Solutions of weight equations
We have the following three results, which characterize the structure of solutions of weight equations (2.3), (2.8) and (2.9). The proof of Theorems 2.3-2.5 will be given in Section 4.
Remark 2.3. By Theorem 2.5, in order thatÃ Aðn; k; rÞ ¼B Bðn; k; rÞ 1 C Cðn; k; rÞ ¼ 0 (and therefore inequality (2.7) holds), without loss of generality, one may choose the weight functionsû uðn; k; rÞ andv vðn; k; rÞ in Gðn; k; r; f Þ as follows:
This is the unique ''linearly'' independent solution of weight equation (2.18).
Several corollaries
First, combining Theorem 2.1 and Theorem 2.3, we get Corollary 2.1. Let f be a convex function defined on I , n b 3, 1 a k < r < n. Let uðn; k; rÞ ¼ C As a direct consequence of Corollary 2.1, we obtain the monotonicity of F ðn; k; r; f Þ ð1 a k < r < nÞ with respect to n, i.e., we have Corollary 2.2. Let f be a convex function defined on I , n b 3 and 1 a k < r < n. Then is equal to some integer times of P n i¼1 y i . Obviously, this integer is equal to the times that y 1 appears in (3.2), which in turn is C mÀ1 nÀ1 . This completes the proof of Lemma 3.1. r Lemma 3.2. Let f be a convex function defined on I . Then for any m; l A N with 1 a m a l a n, it holds
Proof. By (3.1), we have
ð3:5Þ
Now, by (3.4), (3.5) and (1.1), we conclude that
which yields (3.3). This completes the proof of Lemma 3.2. r Proof. Thanks to Lemma 3.2, and by s a h, we see that
Therefore, we have 
Now, combining (3.10) and (3.11), we arrive at the desired inequality (3.9). r Now, we can prove Theorems 2.1-2.2.
Proof of Theorem 2.1. First, we assume k > 1. The proof is divided into several steps.
Step 1. It is easy to see that inequalities generated by chains of jensen inequalitiesFðn; k; r; f Þ ¼ uðn; k; rÞ
and
ð3:13Þ
From (3.12) and (3.13), we see that Fðn; k; r; f Þ À Fðn À 1; k; r; f Þ ¼ ðuðn; k; rÞ À uðn À 1; k; rÞÞ X
ð3:14Þ
Step 2. Let us analyze the second term in the right side of (3.14). Applying Lemma 3.4 with s ¼ k, h ¼ r and m ¼ n À 1, and by vðn; k; rÞ b vðn À 1; k; rÞ, we get Àðvðn; k; rÞ À vðn À 1; k; rÞÞ
Step 3. Let us analyze the last term in the right side of (3.14). Thanks to Lemma 3.2, and recalling that k < r, we see that
ð3:16Þ
In view of Lemma 3.3, it is easy to see that
and inequalities generated by chains of jensen inequalities
ðn À rÞC nÀr nÀ1
ð3:24Þ
On the other hand, by Lemma 3.1, we see that (recall that k þ r < 1 þ n)
Similarly,
Noting the above two identities, and using (1.1), we obtain 
However, from the proof of (3.29) and (3.30), it is easy to see that the same inequalities hold for k ¼ 1 if replacing
in (3.29) and (3.30) by t n f ðx n Þ. These facts, combined with our assumptions onÂ Aðn; k; rÞ,B Bðn; k; rÞ,Ĉ Cðn; k; rÞ,Ã Aðn; k; rÞ,B Bðn; k; rÞ,C Cðn; k; rÞ and f , yield the desired inequality (2.7). This completes the proof of Theorem 2.2. r
Proof of Theorems 2.3-2.5
This section is devoted to the proof of Theorems 2.3-2.5. which implies the desired result. This completes the proof of Theorem 2.5. r
